In this work a one-dimensional piecewise-smooth dynamical system, representing a Poincaré return map for dynamical systems of the Lorenz type, is investigated. The system shows a bifurcation scenario similar to the classical period-doubling one, but which is influenced by socalled border collision phenomena and denoted as border collision period-doubling bifurcation scenario. This scenario is formed by a sequence of pairs of bifurcations, whereby each pair consists of a border collision bifurcation and a pitchfork bifurcation. The mechanism leading to this scenario and its characteristic properties, like symmetry-breaking and symmetry-recovering as well as emergence of coexisting attractors, are investigated.
Introduction
Investigation of dynamical systems with a piecewise-smooth system function, motivated from a theoretical point of view as well as by practical applications, is a central topic of many scientific works published in the recent years. Especially several power electronic circuits (e.g. DC/DC converters, such as boost, buck and buck-boost ones) lead to models, which belong to this class and show a rich bifurcation behavior [Perez, 1985; Sharkovsky & Chua, 1993; Maistrenko et al., 1993 Maistrenko et al., , 1995 Yuan et al., 1998; di Bernardo et al., 1998b di Bernardo et al., , 2001d Banerjee & Grebogi, 1999; Iu & Tse, 2001; Tse, 2003; Parui & Banerjee, 2002 , 2003 Zhusubaliyev et al., 2001 Zhusubaliyev et al., , 2002 . Another application field of piecewise-smooth models are mechanical systems with impact or stick-slip phenomena [Chin et al., 1994; Lamba & Budd, 1994; Foale, 1994; Blazejczyk-Okolewska & Kapitaniak, 1996 Peterka, 1996; Hinrichs et al., 1997; Todd & Virgin, 1997; Batista & Carlson, 1998; Feudel et al., 1998; Molenaar et al., 2001] . In the field of nonlinear dynamics one-dimensional maps with a piecewisesmooth system function are well-known as return maps, obtained by the investigation of Poincaré sections of several dynamical systems continuous in time [Guckenheimer & Williams, 1979; Gambaudo et al., 1986] . Hereby, the discontinuity of the return map is caused by the stretching, squeezing and folding mechanism which is inherent for chaotic attractors like, for instance, in systems of the Lorenz type [Lorenz, 1963; Sparrow, 1973] .
The behavior of piecewise-smooth dynamical systems is mainly influenced by phenomena occurring at the border between partitions in the state space. Early works in this field are presented by Feigin in the Russian publications [Feigin, 1970 [Feigin, , 1974 [Feigin, , 1978 . In the Western literature the first works on border collision bifurcations were performed by Nusse, Yorke, Ott and Grebogi [Nusse & Yorke, 1992 Nusse et al., 1994; Chin et al., 1994; Dutta et al., 1999] . A lot of important results were discovered by Maistrenko [Maistrenko et al., 1993 [Maistrenko et al., , 1995 [Maistrenko et al., , 1996 [Maistrenko et al., , 1998 ], di Bernardo and Budd [Lamba & Budd, 1994; di Bernardo et al., 1998a di Bernardo et al., , 2001a di Bernardo et al., , 2001b di Bernardo et al., , 2001c Kowalczyk & di Bernardo, 2001] ; as well as by other authors [Nordmark, 1991 [Nordmark, , 1997 Misiurevicz & Kawczyński, 1991; Nordmark, 1997; Foale, 1994; Tanaka & Ushio, 2002] . Recently, several types of border collision related bifurcations were found, like corner collision, sliding and grazing bifurcations [di Bernardo et al., 2000 [di Bernardo et al., , 2001 di Bernardo et al., 2001a] . An overview about bifurcations in piecewise-smooth dynamical systems and related phenomena is given in .
In this work a one-dimensional map with a piecewise-smooth system function is considered. This map is closely related to a special kind of Poincaré return map of the Lorenz system [Gambaudo et al., 1986; Procaccia et al., 1987] . Some aspects of the dynamic behavior of this system concerning coexisting attractors [Nair & Nandakumaran, 1998 ] and the application of symbolic dynamics [Zheng, 1989 [Zheng, , 1990 were reported until now. However the bifurcation scenarios occurring in systems like the presented one were not well investigated. It turns out, that dynamical systems like the one presented in this work show a sequence of bifurcations, where attractors with twice the period emerge, but these bifurcations are not the well-known flip bifurcations. Such bifurcations have been already observed experimentally [Banerjee & Grebogi, 1999] , whereby a class of two-dimensional maps with a piecewise-smooth, but continuous system function are investigated. The system which we investigate does not belong to this class, because it is one-dimensional and possesses a system function with a discontinuity point. However, compared with systems investigated in [Banerjee & Grebogi, 1999] , it has two remarkable advantages. Firstly, it is one-dimensional and hence more easy to analyze. Secondly, it shows a complete bifurcation scenario similar to the well-known period-doubling scenario, but dominated by the border collision phenomenon. This scenario, in the following denoted as border collision perioddoubling scenario, is the main topic of this work.
Border Collision Period-Doubling Scenario

Investigated dynamical system
For the inverstigation of the border collision period-doubling scenario we consider the following dynamical system, discrete in time:
with x ∈ [0, 1] and the parameter α ∈ [0, 4]. For our work, the following properties of system (1) are important:
1. For all parameter values except α = 2, the system function f is discontinuous at the point x = 1/2 (see Fig. 1 ). Therefore it can be expected, that the dynamical behavior of system (1) is influenced by the border collision phenomena, which are typical for piecewise-smooth dynamical systems. 2. On the interval x ∈ [0, 1/2) the system function f is identical with the system function of the logistic map
Hence, one can expect, that some aspects of the dynamic behavior of the logistic map (2) are preserved in the case of system (1). Especially the question arises, whether system (1) shows a behavior, analogous to the well-investigated period-doubling bifurcation scenario of the logistic map. 3. In contrast to the logistic map, the system function f is symmetrical with respect to its discontinuity point x = 1/2, namely
Therefore, the dynamic behavior of system (1) must be influenced by symmetry breakingsymmetry recovering phenomena, leading to asymptotic dynamics taking place either on symmetric attractors or pairs of coexisting attractors symmetric to each other.
In the literature, which we know so far [Gambaudo et al., 1986; Procaccia et al., 1987; Zheng, 1989 Zheng, , 1990 , discontinuous maps on an interval with a single point of discontinuity (i.e. dynamical systems like (1)) are considered only in nonsymmetric variants. Usually the discontinuity point is assumed to belong either to the left or to the right half-interval. However the symmetric variant with a special treatment of the discontinuity point seems to be more plausible, if the investigated map is considered as a Poincaré return map of a dynamical systems continuous in time.
In [Gambaudo et al., 1986] it is shown, that system (1) represents a Poincaré return map of the Lorenz system, whereby the point of discontinuity of system (1) corresponds to the stable manifold of the fixed point in the origin. Therefore this point must be treated specifically.
Description of the bifurcation scenario
By variation of the parameter α, system (1) shows a bifurcation scenario, which one can denote as border collision period-doubling scenario. As one can see from local bifurcations. However the bifurcation diagram ( Fig. 3) is totally different from the classical period-doubling scenario. The bifurcations which we observe here are clearly not the usual flip bifurcations. Hence, the important question we have to deal with, is, how the bifurcation scenario emerges here.
Fixed points and periodic orbits of the investigated system
Let us consider the behavior of system (1) in the complete interval α ∈ [0, 4]. Firstly, one can see that for all parameter values the system possesses three fixed points x * 1 = 0, x * 2 = 1/2 and x * 3 = 1. Using the linear stability analysis, one finds, that in the parameter interval 0 ≤ α < 1 the fixed points x * 1 and x * 3 are stable. The basins of attraction of these fixed points for α ∈ [0, 1) are shown in Fig. 4(a) . As one can see, all initial values from [0, 1/2) tend to the fixed point x * 1 , whereas all initial values from (1/2, 1] are mapped to the fixed point x * 3 . The stability of the fixed point x * 2 cannot be determined using linear stability analysis, because the derivative of the system function f is not defined at this point. However we state, that the fixed point x * 2 is unstable for all parameter values α ∈ [0, 2). This can be shown taking into account, that orbits with initial values x 0 = x * 2 ± ε for any arbitrary small deviation ε converge for n → ∞ either to the fixed point x * 1 or to the fixed point x * 3 . Both fixed points x * 1 and x * 3 become unstable by a transcritical bifurcation, which occurs at the parameter value α = α t = 1 (see for α ∈ (1, 2) are also shown in Fig. 4 (a). As one can see, the initial values from (0, 1/2) tend to x * 5 and all initial values from (1/2, 1) are finally mapped to x * 4 . Note that in Fig. 3 (a), for reasons of simplicity and clarity only one fixed point, namely x * 5 is shown.
For parameter values α between 1 and 2 the fixed points x * 1 , x * 2 and x * 3 are unstable and the fixed points x * 4 , x * 5 are stable. At the parameter value α = α bc 1 = 2 the first border collision bifurcation (see Figs. 5 and 6) occurs. Hereby two facts are important. Firstly, the fixed points x * 4 and x * 5 vanish at the bifurcation point. Note, that due to the border collision these fixed points do not lose their stability, as it is typical for local bifurcations, but disappear at all. Secondly, a stable limit cycle with period two emerges. This limit cycle consists of the points 1 − (1/α) and 1/α, which were fixed points before the border collision bifurcation (for this reason we denote this limit cycle {x * 4 , x * 5 }). This behavior can be explained taking the bifurcation, the functions f l and f r intersect the angles bisector in their domains [0, 1/2) and (1/2, 1]. Hence, these intersection points are fixed points of system (1). After the border collision bifurcation the intersection points leave the domains where the functions f l and f r have effect, but the second iterated function intersects now the angles bisector at the same points.
In addition, we remark that the fixed points x * 4 and x * 5 collide at the bifurcation point not only with each other, but also with the fixed point x * 2 . Hence, the fixed point x * 2 , which is unstable before the bifurcation, is stable at the bifurcation point itself and after the bifurcation the fixed point x * 2 becomes unstable again. We remark, that the described behavior is not essential for the border collision bifurcation taking place at α = 2. The border collision bifurcation occurs as a result of the collision of the fixed points x * 4 and x * 5 with the border between the partitions and not due to their collision with the fixed point x * 2 , which in the considered case lies on this border.
For parameter values 2 < α < 3 the limit cycle {x * 4 , x * 5 } is the global symmetric attractor of system (1). The fixed points x * 1 , x * 2 and x * 3 are unstable and the fixed points x * 4 , x * 5 do not exist after the first border collision bifurcation. At the parameter value α = α p 1 = 3 this limit cycle undergoes the first pitchfork bifurcation (see Fig. 6 ). Therefore, it loses its stability and two coexisting stable limit cycles with period two emerge. These limit cycles are given by
and
Note, that the period of the asymptotical dynamics does not change at the pitchfork bifurcation. The basins of attraction for these two limit cycles are shown in Fig. 4(b) . Note further, that in Fig. 3 (a) the limit cycle {x * * 3 , x * * 4 } is not presented. As expected, the two limit cycles are symmetric to each other with respect to the point x = 1/2, namely
The second border collision bifurcation occurs at the parameter value α = α bc 2 = 1 + √ 5 ≈ 3.2361 (see Fig. 6 ). Here the two coexisting limit cycles {x * * 1 , x * * 2 } and {x * * 3 , x * * 4 } undergo the same scenario as the two coexisting fixed points at the first border collision bifurcation. That means, they do not exist any more after the bifurcation, and a stable limit cycle with period four emerges. Again, the new limit cycle after the border collision has twice the period as the coexisting limit cycles before. It consists of four points, which form the two coexisting limit cycles before the border collision. Accordingly, we denote this new limit cycle with
The limit cycle {x * * 1 , x * * 2 , x * * 3 , x * * 4 } represents the symmetric global attractor until the second pitchfork bifurcation takes place at α = α p 2 = 1 + √ 6 ≈ 3.4495 (see Fig. 6 ). There it loses its stability and two new limit cycles with the same period emerge. These limit cycles coexist until the next border collision bifurcation, and the scenario continues with the same pattern (see Fig. 7) . Note, that the described behavior is not specific for the parameter value α bc 2 of the second border collision bifurcation, but takes place at all following border collision bifurcations α bc n (n > 2) as well. Using the results presented above, we are able to calculate the Lyapunov exponent for all attractors existing in the parameter range α ∈ [0, α
Because the natural measure ρ(x) of fixed points as well as of limit cycles is concentrated on their points, and due to the well-known relation for maps on an interval λ = A ρ(x) ln |f (x)|dx, where A denotes the corresponding attractor, we obtain:
This means, that the value λ 1 holds for both fixed points x * 1 and x * 3 ; the value λ 2 holds for fixed points x * 4 and x * 5 and for the limit cycle {x * 4 , x * 5 }. The value λ 3 holds for both limit cycles {x * * 1 , x * * 2 }, {x * * 3 , x * * 4 } and for the limit cycle {x * * 1 , x * * 2 , x * * 3 , x * * 4 }. As one can see from Fig. 2 , the border collision bifurcations takes place at the super-stable points, where λ → −∞ holds. We remark, however, that this is not a general property of border collision bifurcations, but a specific feature of the system (1). This property is here due to the fact, that the derivatives of both functions f l (x) and f r (x) are equal to zero at the point of discontinuity of the function f (x), i.e. at the point x = 1/2. Now we can summarize the results obtained so far and compare the border collision perioddoubling scenario described here with the usual period-doubling scenario. In both cases there exists a sequence of periodic attractors with periods p 0 2 n , n ≥ 0. In the case of the usual period-doubling scenario the sequence can be illustrated with the diagram shown in Fig. 8(a) . In contrast to this, the border collision period-doubling scenario is formed by a sequence of pairs of bifurcations. Each of them consists of two bifurcations, a border collision bifurcation and a pitchfork bifurcation, as it is schematically shown in Fig. 8(b) .
Both scenarios converge to the same parameter value α ∞ , where an attractor of the Feigenbaum type (a strange, but not chaotic one) exists. Note, that the scaling properties of the border collision period-doubling scenario of system (1) are the same as the scaling properties of the classical perioddoubling scenario of the logistic map (2). Indeed, the border collision bifurcations occur in system (1) at the same parameter values, where the logistic map has the super-stable orbits. The pitchfork bifurcations in system (1) take place at the same parameter values, where the logistic map has the flip bifurcations. Hence, the Feigenbaum constant corresponding to the scaling behavior in the parameter space of the border collision period-doubling scenario in system (1) have to be the same as in the case of the logistic map. Furthermore, also the Feigenbaum constant corresponding to the scaling behavior in the state space have to be the same for both systems. This is due to the fact that both parabolas, that of each pitchfork bifurcation in the border collision period-doubling scenario of system (1) and that of the corresponding flip bifurcation of the classical period-doubling scenario of the logistic map (2) are identical. Concerning the symmetry breaking-symmetry recovering property of the border collision perioddoubling scenario, mentioned in Sec. 2.1, we yield now the following: In each step of the scenario the symmetry breaking takes place at the pitchfork bifurcation, where a symmetric limit cycle becomes unstable and splits into two coexisting asymmetric limit cycles with the same period, which are symmetric to each other. Note, that Figs. 3(a), 11 and 14 show only one of the coexisting limit cycles. The symmetry is recovered by the next border collision bifurcation, whereby the asymmetric limit cycles disappear, and a new symmetric one with twice the period emerges (see Fig. 7 ). This behavior is illustrated in Fig. 9 , which shows the mean point x of the attractors, defined by
depending on the parameter α. For a symmetric attractor A of system (1), x(A) = 1/2 holds, whereas for two asymmetric attractors A 1 and A 2 , symmetric to each other, x(A 1 ) = 1 − x(A 2 ) holds.
Kneading orbits and locating band merging bifurcations
A lot of interesting results for the investigated system can be obtained using the technique of kneading orbits [Jensen & Myers, 1985; Milnor & Thurston, 1987; Collet & Eckmann, 1980] . The usual approach here is to investigate itineraries of some critical points. For system (1) this is obviously the point x = 1/2. Due to the fact, that the point x = 1/2 is a fixed point of system (1), one has to track itineraries of points in its vicinity. Therefore we introduce the following functions:
Higher itineraries of critical points 1/2 − ε and 1/2 + ε (ε → 0) can be calculated iteratively. For a sequence s consisting of alternating symbols l and r we define the functions
which lead to the higher itineraries of critical points mentioned above. The functions g ... (α) represent polynomials and can be calculated analytically. We calculate for instance:
It turns out, that the functions g ... (α) are useful for several purposes, for instance for locating of the border collision bifurcations. These bifurcations occur at the parameter values, where the itineraries of critical points reach these points again. Therefore, we can in principle calculate these parameter values solving the corresponding equations g ... (α) = 1/2. Especially when dealing with the border collision period-doubling between the parameter values α t and α ∞ we have to consider the equations
For instance, the value α bc 2 can be found from the equation g lr (α) = 1/2, the next value α bc 3 -from the equation g lrlr (α) = 1/2, and so on (see Fig. 10 ). Note, that because of the symmetry of the investigated system the equations
have the same solutions. Due to the increasing degrees of the polynomials the equations for α bc k , k ≥ 3 can be solved only numerically. In particular, we obtained:
We remark additionally, that using the described procedure, one can calculate not only the parameter values of the border collision bifurcations between α t and α ∞ , but also the points of these bifurcations beyond α ∞ . 
Behavior of the Investigated System Beyond α ∞
Until now we have described the behavior of system (1) within the (main) border collision perioddoubling scenario, i.e. for parameter values 0 < α < α ∞ . For α > α ∞ system (1) show also a lot of interesting phenomena, like the band merging scenario, an infinite number of periodic windows within the chaotic regime, and the border collision perioddoubling scenario within these windows. Again we observe some similarities as well as some differences with the behavior of the logistic map. These topics are briefly described in this section.
Influence of the border collision period-doubling scenario on the band merging scenario
Like the period-doubling scenario, also the band merging bifurcation cascade is well-known for the logistic map. After the parameter value α ∞ the logistic map shows an infinite sequence of bifurcations, whereby the number of bands of the multiband attractors is halved at each bifurcation point α m n . Therefore, the nth bifurcation in this sequence can be described as follows. Before the bifurcation point, a chaotic attractor with 2 n bands exists. At the bifurcation point the bands of this attractor merge pairwise with each other. Additionally, the merging points collide with the points of an unstable limit cycle with period 2 n−1 , which emerges at the nth flip bifurcation and becomes unstable at the (n + 1)th one. After the bifurcation point a chaotic attractor with 2 n−1 bands exists. Obviously, all multiband attractors of the logistic map have an even number of bands.
System (1) shows also a band merging bifurcation cascade, which is similar to the one described above. However the symmetry of system (1) leads to remarkable difference between the dynamics of this system and the one of the logistic map. In the case of system (1) there exists also an infinite sequence of bifurcations (see Fig. 11 ), where the bands of the multiband attractors merge pairwise, but these attractors always have an odd number of bands. More precisely, before the nth bifurcation in the band merging cascade a chaotic attractor with 2 n+1 − 1 bands exists. At the bifurcation point its bands merge pairwise with each other and additionally collide with the points of an unstable limit cycle with the period 2 n . As described in the previous section, this limit cycle emerges within the border collision bifurcation scenario at the point of the nth border collision bifurcation α bc n and becomes unstable at the point of the nth pitchfork bifurcation α p n . After the bifurcation point a chaotic attractor with 2 n − 1 bands exists.
In Fig. 11 the described dynamics is illustrated in more detail for the first two (or the last two, depending on the preferred direction in parameter space) band merging bifurcations. Before the band merging bifurcations at the parameter value α m 2 there exists a chaotic seven-band-attractor [see Fig. 13(a) ]. At the bifurcations point, its bands merge and collide with the points of the limit cycle {x * * 1 , x * * 2 , x * * 3 , x * * 4 }, which emerges at the second border collision bifurcation at α bc 2 and becomes unstable at the second pitchfork bifurcation α p 2 . After the band merging bifurcations a chaotic three-band-attractor exists. Its bands collide at the parameter value α m 1 with each other and with the limit cycle {x * 4 , x * 5 }, which emerges at the first border collision bifurcation α bc 1 and becomes unstable at the first pitchfork bifurcation α p 1 . Comparing this behavior with the one of the logistic map, we state, that in this system at the first band merging bifurcation α m 1 the bands of a chaotic two-band-attractor merge with each other and collide with an unstable fixed point, which emerges at the first flip bifurcation and becomes unstable at the second one.
Influence of kneading orbits on
the behavior of the investigated system beyond α ∞
Boundaries of chaotic attractors
The boundaries of the chaotic attractors of system (1) are given by itineraries of critical points (1/2)−ε and (1/2)+ε (ε → 0). Note, that the point 1/2 is a fixed point of this system and therefore its itineraries do not belong to attractors. Hence, we state that for all parameter values the boundaries of chaotic attractors of system (1) do not belong to these attractors. This property shows a remarkable difference between system (1) and the logistic map. In most cases, the boundaries of chaotic attractors of the logistic map belong to attractors. Dealing with multiband attractors, we use the following notation. For a n-band attractor we denote with x up [n,m] the limit supremum of the upper boundary of its mth band with m = 1, . . . , n. Analogously we denote with x lo [n,m] the limit infimum of the lower boundary of this band. The smallest and the largest boundaries for all chaotic attractors of system (1) are directly given by the functions g l and g r [see Eq. (11)]:
As expected, the values x up [n,n] and x lo [n,1] are symmetric to each other with respect to the point x = 1/2.
The functions given by Eq. (10) determine the boundaries of the n-band attractors with n = 3, 7, 15, . . . (that means ∀ n = 2 k −1, k > 1) existing in the parameter interval α ∞ < α < α m 1 . Especially for the three-band attractors we obtain x
whereby the used functions are determined by Eqs. (12) The same procedure can be applied for the further chaotic attractors. For instance, from the 14 boundaries of the seven-band attractors six boundaries are given by the same functions as the boundaries of the three-band attractors:
The remaining eight boundaries [see Fig. 12(b) ] can be determined as follows: [Jensen & Myers, 1985] . Due to this fact, all chaotic attractors of system (1) are symmetric with respect to the point x = 1/2. Figure 13 demonstrates the invariant measure ρ(x) for some of these attractors. The first one [ Fig. 13(a) ] corresponds to a sevenband-attractor, which exists in the band merging bifurcation cascade before the merging with the unstable four-periodic limit cycle. The second one [ Fig. 13(b) For the attractor at the parameter value α = 4 the invariant measure can be calculated analytically and is given by ρ(x) = (π 2 x(1 − x)) −1/2 . Note that this invariant measure is identical with the invariant measure of the logistic map at the same parameter value. It is well-known, that at this (1) for the parameter values marked in Fig. 11 . See text for a detailed description.
Locating of band merging bifurcations
parameter value a difeomorphismus exists between the logistic map on the one hand and the tent map x(n + 1) = µ(1 − 2|x(n) − 1/2|) at the parameter value µ = 1, on the other hand. This difeomorphismus is given by h(x) = 2/π arcsin √ x. It can be shown, that the same difeomorphismus exists between system (1) and the tent map also. The invariant measure can be determined by applying the difeomorphismus to the invariant measure of the attractor of the tent map, which is given by ρ(x) = 1.
Influence of the border collision period-doubling scenario on the behavior within periodic windows
The last interesting property of system (1), which we would like to consider, concerns the periodic windows within the chaotic regime (see Fig. 14) . Again, there are similarities and also differences between system (1) and the logistic map. For both systems the periodic windows exist at the same parameter values and occur in the same order, which can be described using the Metropolis-Stein-Stein sequences [Metropolis et al., 1973] . The difference between the logistic map and system (1) is that within each specific window in the case of the logistic map the period-doubling cascade takes place, and in the case of system (1) the border collision period-doubling cascade. The bifurcation leading to the formation of the periodic windows is the same in both cases, namely, the tangent bifurcation. For the logistic map, there exists a pair of limit cycles after this bifurcation, a stable and an unstable one. For system (1) two such pairs emerge after the bifurcation. For increasing parameter values the stable limit cycles of both pairs undergo the border collision bifurcation described above. This bifurcation leads to the formation of a single limit cycle with twice the period. After that, the border collision period-doubling scenario continues as described above for α < α ∞ . Note also, that the two unstable limit cycles emerging at the tangent bifurcation do not collide with the partition border. As in the case of the logistic map, these limit cycles lead to the global bifurcation (crisis) at which the periodic window is closed.
Summary and Outlook
The border collision period-doubling scenario is considered in this work. Using a discontinuous map on the interval [0, 1], the properties of this scenario, its similarities and differences with the classical period-doubling scenario are investigated. It is shown that the border collision period-doubling scenario is formed by a sequence of pairs of bifurcations. Each pair consists of a border collision bifurcation and a pitchfork bifurcation. The symmetry breaking and symmetry recovering phenomenon within each pair of bifurcations plays an important role for the understanding of this scenario. It is further shown, how the border collision phenomenon influences the band merging scenario and the behavior within periodic windows in the chaotic regime. Some results concerning boundaries of chaotic attractors as well as determining border collision and band merging bifurcations are obtained based on the technique of kneading orbits.
The following question still remains open: as it is shown in [Gambaudo et al., 1986] , the system (1) investigated in this work represents a special kind of Poincaré return map for the well-known Lorenz system [Lorenz, 1963] . Therefore, a relationship between bifurcations occurring in the Lorenz system and the border collision period-doubling scenario must exist. Based on the hypothesis, that the border collision bifurcations in system (1) correspond to homoclinic bifurcations in the Lorenz system, this relationship should be investigated in more detail.
